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Abstract
Classifiers can be trained with data-dependent
constraints to satisfy fairness goals, reduce churn,
achieve a targeted false positive rate, or other policy goals. We study the generalization performance for such constrained optimization problems, in terms of how well the constraints are
satisfied at evaluation time, given that they are
satisfied at training time. To improve generalization performance, we frame the problem as a
two-player game where one player optimizes the
model parameters on a training dataset, and the
other player enforces the constraints on an independent validation dataset. We build on recent
work in two-player constrained optimization to
show that if one uses this two-dataset approach,
then constraint generalization can be improved.

1. Introduction
It is useful to train classifiers with data-dependent constraints in order to achieve certain guarantees, such as statistical parity or other fairness metrics, specified recall, or a
desired positive classification rate [e.g. 16, 19, 7, 18, 13]).
However, a key question is whether the achieved constraints
will generalize. For example: will a classifier trained to
produce 80% statistical parity on training examples still
achieve 80% statistical parity at evaluation time?
Unfortunately, the answer is “not quite.” Because such
constraints are data-dependent, overfitting can occur, and
constraints that were satisfied on the training set should be
expected to be slightly violated on a test set. This is particularly problematic in the context of fairness constraints,
which will typically be chosen based on real-world requirements (e.g. the 80% rule of some US laws [3, 17, 19, 9]). In
this paper, we investigate how well constraints generalize,
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and propose algorithms to improve the generalization of
constraints to new examples.
Specifically, we consider problems that minimize a loss
function subject to data-dependent constraints, expressed in
terms of expectations over a data distribution D:
min Ex∼D [`0 (x; θ)]
θ∈Θ

s.t. Ex∼D [`i (x; θ)] ≤ 0

∀i∈[m]

(1)

where x ∈ X is a feature vector, D is the data distribution
over X , Θ is a space of model parameters for the function
class of interest, and `0 , `1 , . . . , `m : X × Θ → R are loss
functions associated with the objective and the m constraints
(which are not required to be convex).
One typically trains a classifier on a finite training set drawn
from D, but the true goal is to satisfy constraints in expectation over D, as in Equation 1. To this end, we build on prior
work that treats constrained optimization as a two-player
game [e.g. 2, 5, 15, 1, 10, 13]. In this setting, the first player
optimizes the model parameters θ, and the second player
enforces the constraints, e.g. using the Lagrangian:
"
#
m
X
L (θ, λ) := Ex∼D `0 (x; θ) +
λi `i (x; θ)
(2)
i=1

In practice, one would approximate the Lagrangian with
a finite i.i.d. training sample from D, and the first player
would minimize over the model parameters θ ∈ Θ while the
second maximizes over the Lagrange multipliers λ ∈ Rm
+.
Our key idea is to treat constrained optimization similarly to
hyperparameter optimization: just as one typically chooses
hyperparameters based on a validation set, instead of the
training set, to improve classifier generalization, we would
like to choose the Lagrange multipliers on a validation set
to improve constraint generalization. In “inner” optimizations we would, given a fixed λ, minimize the empirical
Lagrangian on the training set. Then, in an “outer” optimization, we would choose a λ that results in the constraints
being satisfied on the validation set. Such an approach,
could it be made to work, would not eliminate the constraint
generalization problem completely—hyperparameter overfitting [e.g. 14] is a real problem—but would mitigate it,
since constraint generalization would no longer depend on
size of the training sample and the complexity of Θ (which
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could be extremely large, e.g. for a deep neural network),
but rather on the size of the validation sample and the effective complexity of Rm
+ 3 λ (which, being m-dimensional,
is presumably much simpler than Θ).
While the above approach is intuitive, challenges arise when
attempting to analyze it. The most serious is that since θ is
chosen based on the training set, and λ on the validation set,
θ is minimizing a different function than λ is maximizing,
so the corresponding two-player game is non-zero-sum (the
players have different cost functions). To handle this, we
must depart from the typical Lagrangian formulation, but
the key idea remains: improving generalization by using a
separate validation set to enforce the constraints.
The recent work of Cotter et al. [6] gives a strategy for
dealing with such a non-zero-sum game when optimizing a
constrained machine learning problem. We adapt their theory to this new setting to give a bound on the generalization
of the constraint violations that is agnostic to model complexity (Section 3), showing that it is possible significantly
improve the generalization performance of constraints, at
the cost of some of the optimization and generalization performance of the objective function. In Section 4, we present
a case study showing that we can achieve better constraint
generalization. The full version of our paper 1 contains
additional algorithms and experiments.
This paper also extends the work of Woodworth et al. [18]
on improving generalization of fairness metrics. They also
used a separate validation set, but in a more restrictive setting: given a fixed classifier learned on a training set, they
proposed adding model parameters (such as an additive bias
per sensitive class, as in Hardt et al. [9]) suitable for satisfying the fairness metric(s) of interest, and then learning these
new parameters on the validation set.

2. Preliminaries
Our algorithm is based on the non-zero sum two-player
game proposed by Cotter et al. [6], which they call the
“proxy-Lagrangian” formulation. Like them, to cope with
the practical difficulties of satisfying non-differentiable constraints (e.g. a constraint on the positive classification rate,
which is a sum of indicators), we permit the approximation of each of the constraint losses `i with a (presumably
differentiable) upper-bound `˜i , called a proxy constraint
loss. These are used only by the θ-player—the λ-player
uses the original constraint losses. In words, the λ-player
will attempt to satisfy the original constraints by choosing
appropriate penalties on the proxy constraints.
Definition 1. Let S (train) and S (val) be two random
datasets each drawn i.i.d. from a data distribution D. Given
proxy constraint losses `˜i (x; θ) ≥ `i (x; θ) for all x ∈ X ,
1
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θ ∈ Θ and i ∈ [m], the empirical proxy-Lagrangians
L̂θ , L̂λ : Θ × Λ → R of Equation 1 are:
L̂θ (θ, λ) :=

L̂λ (θ, λ) :=

1

X

S (train)
1
S (val)

λ1 `0 (x; θ) +
m
X

!
λi+1 `˜i (x; θ)

i=1

x∈S (train)

X

m
X

λi+1 `i (x; θ)

x∈S (val) i=1

where Λ := ∆m+1 is the (m + 1)-dimensional simplex.
The θ-player seeks to minimize L̂θ over θ, while the λplayer seeks to maximize L̂λ over λ. The difference between the above, and Definition 2 of Cotter et al. [6], is that
L̂θ is an empirical average over the training set, while L̂λ
is over the validation set.
Our ultimate interest is in generalization, and our bounds
will be expressed in terms of both the training and validation
generalization errors, defined as follows:
Definition 2. Define the training generalization error
G̃(train) (Θ) such that:
Ex∼D [` (x, θ)] −

1
S (train)

X

` (x, θ) ≤ G̃

(train)

(Θ)

x∈S (train)

n
o
for all θ ∈ Θ and all ` ∈ `0 , `˜1 , . . . , `˜m (the objective
and proxy constraints, but not original constraints).
Likewise, define the validation generalization error
G(val) (Θ̂) to satisfy the analogous inequality in terms of
S (val) , for all θ ∈ Θ̂ ⊆ Θ and all ` ∈ {`1 , . . . , `m } (the
original constraints, but not objective or proxy constraints).
Instead of finding a single θ ∈ Θ̂, we will find a randomized
model θ̄ supported on Θ̂ (i.e. a distribution over Θ̂), but the
above definition still applies: by the triangle inequality, if
every θ ∈ Θ̂ generalizes well, then any such θ̄ generalizes
equally well, in expectation.

3. Algorithm
We seek a solution that (i) is nearly-optimal, (ii) nearlyfeasible, and (iii) generalizes well on the validation set.
The optimality and feasibility goals were already tackled
by Cotter et al. [6] in the context of the proxy-Lagrangian
formulation of Definition 1. They proposed having the θplayer minimize ordinary external regret, while the λ-player
minimized swap regret using an algorithm based on Gordon
et al. [8]. Rather than finding a single solution (a pure
equilibrium of Definition 1), they found a distribution over
solutions (a mixed equilibrium). Our proposed approach
follows this same pattern, but we build on top of it to address
challenge (iii): generalization.
The simplest way to attack the generalization problem is
to discretize the space of allowed λs, and associate each λ
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Algorithm 1 Finds an approximate equilibrium of the empirical proxy-Lagrangian game (Definition 1), with Theorem 1
being its convergence and generalization guarantee. This is essentially a discretized version of Algorithm 4 of Cotter et al.
[6]—like that algorithm, because of its dependence on an oracle, this algorithm does not require convexity. Here, Oρ is a
deterministic Bayesian optimization oracle (Definition 3), and Cr is a radius-r (external) covering of Λ := ∆m+1 w.r.t. the
1-norm. The θ-player uses oracle calls (Definition 3) to approximately minimize L̂θ (·, λ), while the λ-player uses a swapregret minimizing algorithm in the style of Gordon et al. [8], using the left-stochastic state matrices M (t) ∈ R(m+1)×(m+1) .


Discrete L̂θ , L̂λ : Θ × ∆m+1 → R, Oρ : (Θ → R) → Θ, Cr ⊆ Rm+1 , T ∈ N, ηλ ∈ R+ :
1
2
3

Initialize M (1) ∈ R(m+1)×(m+1) with Mi,j = 1/ (m + 1)
For t ∈ [T ]:
Let λ(t) = fix M (t) // fixed point of M (t) , i.e. a stationary distribution

7

// discretization to closest point in Cr
Let λ̃(t) = argminλ̃∈Cr λ(t) − λ̃
1
 

Let θ(t) = Oρ L̂θ ·, λ̃(t)

ˆ (t) be a supergradient of L̂λ θ(t) , λ(t) w.r.t. λ
Let ∆
λ

 
ˆ (t) λ(t) T
Update M̃ (t+1) = M (t) . exp ηλ ∆
// and . exp are element-wise
λ

8

Project M:,i

9

(1)

4
5
6

(t+1)

Return θ

,...,θ

(t+1)

= M̃:,i

(T )

(1)

and λ

(t+1)

/ M̃:,i
,...,λ

(T )

1

for i ∈ [m + 1]

with a unique θ ∈ Θ, where this association is based only
on the training set. If the set of discretized λs is sufficiently
small, then the set of discretized θs will likewise be small,
and since it was chosen independently of the validation set,
its validation performance will generalize well.
Specifically, we take Cr to be a radius-r (external) covering
of Λ := ∆m+1 w.r.t. the 1-norm. The set of allowed λs is
exactly the covering centers, while, following Chen et al.
[4] and Cotter et al. [6], the associated θs are found using
an approximate Bayesian optimization oracle:


following hold, where Θ̂ := θ(1) , . . . , θ(T ) is the set of
results of Algorithm 1.
Optimality and Feasibility: Let θ̄ be a random variable
(t)
taking values from Θ̂, defined such that
Pθ̄ = θ with proba(t) PT
(s)
T
(t)
bility λ1 / s=1 λ1 , and let λ̄ :=
/T . Then
t=1 λ
θ̄ is nearly-optimal in expectation:


Eθ̄,x∼D `0 x; θ̄ ≤
inf

θ ∗ ∈Θ:∀i.Ex∼D [`˜i (x;θ ∗ )]≤0

Definition 3. A ρ-approximate Bayesian optimization oracle is a function Oρ : (Θ → R) → Θ for which:

+

f (Oρ (f )) ≤ inf
f (θ∗ ) + ρ
∗

and nearly-feasible:

θ ∈Θ

for any f : Θ → R that can be written as f (θ) = L̂θ (θ, λ)
for some λ. Furthermore, every time it is given the same f ,
Oρ will return the same θ (i.e. it is deterministic).
Algorithm 1 combines our proposed discretization with the
oracle-based proxy-Lagrangian optimization procedure proposed by Cotter etal. [6]. As desired, it finds a sequence
of solutions Θ̂ := θ(1) , . . . , θ(T ) for which it is possible
to bound G(val) (Θ̂) independently of the complexity of the
function class parameterized by Θ and the size of S (train) ,
and finds a random parameter vector θ̄ supported on Θ̂ that
is nearly-optimal and nearly-feasible.
Theorem 1. Given any  > 0, there exists a covering Cr
2
such that, ifp
we take T ≥ 4B∆
(m + 1) ln (m + 1) /2
2 , where B
and ηλ =
(m + 1) ln (m + 1) /T B∆
∆ ≥
(t)

maxt∈[T ] ∆λ

∞

is a bound on the gradients, then the

(3)
∗

Ex∼D [`0 (x; θ )]


1 
ρ + 2 + 2G̃(train) (Θ) + 2G(val) (Θ̂)
λ̄1




1 
max Eθ̄,x∼D `i x; θ̄ ≤
 + 2G(val) (Θ̂)
i∈[m]
λ̄1

(4)

Additionally, if there exists a θ0 ∈ Θ that satisfies
h all ofithe
proxy constraints with margin γ (i.e. Ex∼D `˜i (x; θ0 ) ≤
−γ for all i ∈ [m]), then:
λ̄1 ≥

γ − ρ − 2 − 2G̃(train) (Θ) − 2G(val) (Θ̂)
γ + B `0

(5)

where
B`0
≥
supθ∈Θ Ex∼D [`0 (x; θ)] −
inf θ∈Θ Ex∼D [`0 (x; θ)] is a bound on the range of
the objective loss.
Generalization: With probability 1 − δ over the sampling
of S (val) :
s

m ln 10B`˜/ + ln (2m/δ)
(val)
(6)
G
(Θ̂) < B`
2 S (val)
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where B`˜ ≥ |` (x, θ)| for all ` ∈

n
o
`0 , `˜1 , . . . , `˜m , and

B` ≥ maxi∈[m] (bi − ai ) assuming that the range of each
`i is the interval [ai , bi ].
The first two results of this theorem (Equations 3 and 4)
are better for larger λ̄1 , where λ̄1 can be interpreted as the
“weight” on the objective loss, averaged over iterates. Just
as Lagrange multipliers will tend to be small on a feasible
problem, the proxy-Lagrangian objective weight λ̄1 will
tend to be large on a feasible problem, as shown by Equation 5, which guarantees that λ̄1 will be bounded away from
zero provided that there exists a margin-feasible solution
with a sufficiently large margin γ.
(train)

Equation 5, unfortunately, depends on G̃
(Θ). Thankfully, this dependence is gated by whether the feasibility
margin is satisfied. In particular, the feasibility guarantee
(Equation 4, or the “Infeasibility” column) will depend on
G̃(train) (Θ) only if the training and validation datasets do
not generalize well enough for ρ + 2 + 2G̃(train) (Θ) +
2G(val) (Θ̂) to stay within the feasibility margin γ. Past this
critical threshold, λ̄1 can be lower-bounded by a constant,
and only the validation generalization error G(val) (Θ̂)—
which Equation 6 bounds independently of the complexity
of Θ—will matter. In practice, of course, one need not rely
on this lower bound on λ̄1 : one can instead simply inspect
(t)
the behavior of the sequence of λ1 ’s during optimization.

4. Fairness Case Study
While Algorithm 1 performs well theoretically, it contains
some elements that were needed for the analysis, but could
be needlessly expensive in practice. Hence, our case study
is performed on a “bare-bones” version of Algorithm 1, in
which the discretization on lines 3-4 is removed entirely,
and the oracle optimization on line 5 and the multiplicative
update of lines 7-8 are each replaced with a single iteration
of ADAM [11]. This algorithm implements our central
idea—imposing constraints using an independent validation
dataset—without compromising on simplicity or speed. It
does not enjoy the theoretical guarantee of Theorem 1, but,
as we will see, still improves constraint generalization.
Our case study uses the UCI Communities and Crime
dataset [12], which includes d = 122 continuous features
aggregated from census and law enforcement data, on which
we train a linear model. The binary classification task is to
predict whether a community has a high (above the 70th
percentile) or low crime rate, as in Kearns et al. [10].
To form protected groups, we use four racial percentage
features as real-valued protected attributes. Each is thresholded at the 50th percentile to form eight protected groups:
low-white, high-white, low-asian, high-asian, low-black,
high-black, low-hispanic, and high-hispanic. There is one

Table 1. Results for case study of Section 4. The “Violation”
columns show the maximum constraint violation over all protected groups, where each group’s violation is the difference
(group FPR − overall FPR). In the first two rows, the constraints
are exactly satisfied on the training set thanks to our use of “Shrinking” [6].

Ours
Baseline
Unconstrained

Training
Error Violation

Error

0.149
0.147
0.102

0.212
0.188
0.151

0
0
0.083

Testing
Violation
0.008
0.016
0.125

fairness constraint for each of the eight protected groups,
which constrains the group’s false positive rate to be at most
the overall false positive rate. To convert this to the form
of Equation 1, we took the objective and proxy constraint
functions `0 , `˜1 , . . . , `˜m to be hinge upper bounds on the
quantities of interest, with the original constraint functions
`1 , . . . , `m being just what we claim to constrain (false positive rates, represented as linear combinations of indicators).
The data was split equally into thee parts: training, validation and testing. We compare our proposed approach, in
which the model parameters θ are learned on the training set,
and λ on the validation set, to the natural baseline approach
of using the union of the training and validation sets for
learning both θ and λ. Hence, both approaches “see” the
same amount of data during training.
For both our algorithm and the baseline, the result of training
is a sequence of iterates θ(1) , . . . , θ(T ) . Rather than using
the weighted predictor of Theorem 1, we instead use the
“shrinking” procedure of Cotter et al. [6] to find the best
stochastic classifier supported on the sequence of iterates.
All reported numbers are averaged over ten runs, with different random splits of the data. The difference between the
data provided to the two algorithms leads to a slight complication when reporting “training” error rates and constraint
violations. For our algorithm, the former are reported on the
training set (used to learn θ), and the latter on the validation
set (used to learn λ). For the baseline, both are reported
on the union of the training and validation sets. “Testing”
numbers are always reported on the testing dataset.
The results of this experiment can be found in Table 1, and
closely match with our expectations: on testing data, our approach halves the maximum constraint violation compared
to the baseline, but suffers from about 13% higher testing
error. Unsurprisingly, an unconstrained classifier performs
much better than both in terms of testing accuracy, but much
worse in terms of constraint violations.
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